PACS. 03.40K -Waves and wave propagation: general mathematical aspects.
1. A remarkable property of exactly integrable nonlinear systems such as the sineGordon equation (SGE) is the existence of exact regular time-periodic solutions (see, e.g., [ll) frequently called breathers. While the existence of stationary one-soliton solutions (for instance, kinks) does not purport exact integrability, it is generally believed that only integrable systems possess exact oscillatory states (breathers) which lose no energy through radiation (see, e.g., [2, 3] ). However, in many physical problems exactly integrable equations furnish a too idealized description, and taking into account small conservative perturbing terms, which break exact integrability, is often necessary. It is natural to expect that a perturbed equation has solutions that, being locally close to exact breathers, slowly fade due to energy emission.
Of course, if a dissipative perturbation is present, the breather decay rate is determined by dissipative losses, and a contribution from radiative ones is negligible. The breather damping due to dissipative losses has been analysed in detail in refs. [4-61; a general treatment of dissipative perturbations added to an exactly integrable system, based on the adiabatic invariant theory, has been put forward in ["I.
Various physical problems give rise to two qualitatively different types of timeindependent Hamiltonian perturbations in SGE
The first type is related to perturbation Hamiltonian Hpert explicitly independent of the spatial coordinate x. An example is
which results in the so-called double SGE [2] . This equation describes, e . g . , weak higher anisotropy in easy-plane ferromagnets [SI, dynamics of weak ferromagnets in strong external magnetic field [9] , and so on. Perturbation Hamiltonians of the second type describe spatial inhomogeneities in physical systems. A well-known example is
The corresponding perturbed SGE describes a magnetic inpurity in the aforementioned magnetic systems [8, 9] , a microresistence ( E > 0) or a microshort ( E < 0) in long Josephson junctions [4] , etc.
A breather solution to unperturbed SGE has the form [l] ubr(
where ,U is the breather amplitude, 0 <,U < d 2 . In the limit p << 1 (4) goes over into the small-
while in the opposite case <= 6 2 -4u << 1 (4) takes the form corresponding to the lowfrequency breather (LFB)
Radiative decay of SAB under the actioen of the perturbations (2) and (3) was studied, respectively, in [lo] and [ l l ] (see also [5] ). The rate of the perturbation-induced energy emission from LFB has been found in [12] for both the perturbations (2) and (3). In a more general case, when neither the breather amplitude ,U nor its frequency w = cosp (see (6) ) are small parameters, an accurate evaluation of the breather radiative decay rate encounters severe technical difficulties. However, on a level of estimates, it is possible to develop general description of the perturbation-induced breather's evolution (radiative decay) starting from an initial state in the form of LFB and finishing at the final asymptotic stage of decay of SAB. This is the subject of the present paper.
2.
Let us start our consideration from the case of LFB. To evaluate the rate of the perturbation-induced energy emission from it, we will employ the trick used previously in [13] : in the limit <-+ 0 the LFB wave form (6) goes over into the well-known exact solution of the unperturbed SGE which describes a kink-antikink paifwith the zero velocity at infinity (see, e.g., [l] ). Thus, in the lowest approximation in the small parameter <, the energy A E emitted by LFB during a half-period d C of its internal oscillations coincides with the total energy emitted by the kinkantikink pair described by the solution ukE. At last, the energy emission rate W, i.e. the energy emitted by LFB per unit of time, can be evaluated as W=AEl(xl?J. For the perturbations (2) and (3) the quantity AE has been found, respectively, in ref. [141 and [131. With the use of those results, the LFB energy emission rate takes the following eventual form (l):
where in the case (2) p-9.89, and in the case (3) p-0.69. Since the breather energy E b r = 16 sin,u [ll, the evolution of the parameter C (see (6) ) is governed by the energy conservation equation dEbrldt = -W, i.e. drldt = (pI16x) E'. (8) According to (8) , the breather remains at low frequency during the time t s tl -E -~ for the perturbation (2), and t S tl -10' E -~ for that ( constant, while the length 1 goes on to grow -t, so that at these times 3. Now we proceed to the description of SABs evolution. In the case (2)(') the SABs energy emission rate has been found in [lo] :
the radiation wave numbers being k = k 2 e . Inserting (10) into the energy conservation equation, the SAB energy being E b r = 16p, one finds where we treat log(E2t) as a large quantity (log(E't) >> 1). Comparing (11) with (9), we find
i.e: at all the times the breather remains a well-defined localized object on the background of the emitted radiation.
(') The expression (7) is valid, provided IE/ << C.
(2) Comparing expansions of sinu and sin2u in powers of small U (see (l) , (2)), one notes that perturbed SAB remains qualitatively similar to the unperturbed one, provided E < 118. The authors are indebted to Prof. V. G. MAKHAN'KOV who has attracted attention on this point.
In the case (3) the expression for W is significantly different from (10) [lll: (13) (while the radiation wave number is, as above, k = k Zfl), and the breather amplitude evolves as
(here we assume only ~' t >> 1, but not log(E2t) >> 1). As one sees from (14) and (9), the condition A <<,U again holds. However, the underlying expression (13) becomes irrelevant when lu decays to the values -E [ll] , i . e . at t b t3 -E -~ (see (14)). When ,U -E, the perturbed SAB takes the form the role of the breather amplitude being actually played by the quantity ,U' = 4u -42, and the breather energy being Ebr = 16p' [ E ] (note that ,U is always larger than d2). According to [15] , the emitted wave field can be found as a next-order perturbative correction to (15) . In particular, the energy emission rate takes the form (see details in [12] ) W = (3.62518fl) E'(E + , u ' )~( , u ' )~.
(16)
According to (151, at the final stage of the breather evolution ( O <~' < < E ) its amplitude evolves as As one sees comparing (17) with (9) , at this stage the condition A <<,U' holds, but, contrary to (12) , in the present case the ratio Alp' becomes asymptotically constant:
The full dependence of the breather's frequency w (recall w = COS,^) on the time t is plotted in the logarithmic scale in fig. 1 , the characteristic time scales tl, t2 and t3 being marked at the abscissa axis. In conclusion it is pertinent to note that a physically important conservative perturbation with which describes a uniformly distributed bias current in a long Josephson junction [41, results in the qualitative results analogous to those obtained above for the perturbation (2) . Indeed, following the consideration developed for the perturbation (2) in [12,13] , it is easy to obtain for the power of the LFB emission generated by the perturbation (18) the same estimate W-C (cf. (7)). As to the corresponding SAB emission power, it has been found in [U] W = (2~?/3~'~) c2 exp [-fl7dp1 , the emitted radiation's wave numbers being k = k fl. In the logarithmic approximation, the latter expression results in the evolution law ,u(t) = *x/log (E2 t ) similar to (11).
* * *
The authors are indebted to Prof. A. M. KOSEVICH for useful discussions.
